Abstract. This paper introduces a method to build dynamic logics with a graded semantics. The construction is parametrized by a structure to support both the spaces of truth and of the domain of computations. Possible instantiations of the method range from classical (assertional) dynamic logic to less common graded logics suitable to deal with programs whose transitional semantics exhibits fuzzy or weighted behaviour. This leads to the systematic derivation of program logics tailored to specific program classes.
Introduction
Propositions, capturing static properties of program states, and events, or actions, which are responsible for transitions from a state to another, are the key ingredients in modelling and reasoning about state-based software systems. The latter are typically combined through a Kleene algebra to express sequential, non deterministic, iterative behaviour of systems, while the former brings to the scene a logical structure.
Dynamic logic [6] , a generalisation of the logic of Floyd-Hoare, is a well known and particularly powerful way of combining these two dimensions into a formal framework to reason about computational systems. Its potential stems from blending together classical logic, enriched with a modal dimension to express system's dynamics, and a (Kleene) algebra of actions to structure programs.
Over time dynamic logic grew to an entire family of logics increasingly popular in the verification of computational systems, and able to evolve and adapt to new, and complex validation challenges. One could mention its role in model validation (as in e.g. [10] ), or the whole family of variants tailored to specific programming languages (as in e.g. [1, 11] ), or its important extensions to new computing domains, namely probabilistic [8] or continuous [13, 14] .
The latter is particularly relevant from an Engineering point of view: Actually, Platzer's hybrid dynamic logic, and its associated tool, KeYmaera, combining an algebra of actions based on real numbers assignments with the standard Kleene operators and differential equations to specify continuous transitions from the "real" (physical) world, provides a powerful framework for the design and validation of cyber-physical systems with increased industrial relevance. If cyber-physical systems gives rise to the need for ways of dealing with continuous state spaces, in a number of other cases dealing with some form of "quantitative" transitions (weighted, probabilistic, etc) is also a must. Hence the quest for dynamic logics able to capture smoothly these kind of phenomena is becoming more and more important.
This paper intends to contribute in this path. In particular, our attention is focussed on graded logics [4, 16] , in the broad sense of attaching partially ordered grades to logical formulas to express, in one way or another, uncertain information. In this broad sense, fuzzy [5] , probabilistic [12] or weighted logics [2] may be brought into the picture.
In this context, the purpose of this work is the development of a generic method to construct graded dynamic logics. Technically, the definition of these logics is parametrized by (a specific kind of) an action lattice [7] which combines (a slight generalisation of) a Kleene algebra with a residuated lattice structure. The latter captures the graded logic dimension and fits nicely with our objectives. Moreover, the extension of Kleene algebras with residuation operators, providing weak right and left inverses to sequential composition as in [15] , as well as with a lattice structure leads to a finitely-based equational variety which, as plain Kleene algebras, is closed under the formation of square matrices [9] .
The relevance of this closure property lies in the fact that several problems modelled as (weighted) transition systems can be formulated as matrices over a Kleene algebra or a related structure. Following such a trend, we represent programs as matrices supporting the information about their effects when executed from each state in the state space. The interested reader is referred to [3] for a detailed discussion on the relationship between Kleene algebras, action algebras and action lattices.
The remaining of this paper is organised as follows. Section 2 recalls from [7] the definition of an action lattice and introduces a method, parametric on such a lattice, to generate graded dynamic logics. The construction put forward is illustrated with several examples. Then, in Section 3, it is shown that the resulting logic is a dynamic logic indeed, in the sense that all the rules of propositional dynamic logic restricted to positive-existential formulas still hold. Finally, Section 4 concludes and suggests points for future research.
The Method
This section introduces a generic method to generate graded dynamic logics parametric on a complete action lattice which captures both the structure of the computational domain and that of the (logical) truth space.
Let us start by recalling from 
